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Abstract 



CO • 

We construct solutions of an Einstein- Yang-Mills system including a cosmological constant in 

vo ■ . . . 

Q\ ' 4+n space-time dimensions, where the n-dimensional manifold associated with the extra dimensions 

C*~) ■ is taken to be Ricci flat. Assuming the matter and metric fields to be independent of the n extra 

o, 

coordinates, a spherical symmetric Ansatz for the fields leads to a set of coupled ordinary differential 



equations. We find that for n > 1 only solutions with either one non-zero Higgs field or with all 



Higgs fields constant and zero gauge field function (corresponding to a Wu- Yang-type ansatz) exist. 
We give the analytic solutions available in this model. These are "embedded" abelian solutions 
with a diverging size of the manifold associated with the extra n dimensions. Depending on the 
choice of parameters, these latter solutions either represent naked singularities or they possess a 
single horizon. 

We also present solutions of the effective 4-dimensional Einstein- Yang-Mills-Higgs-dilaton model, 
where the higher dimensional cosmological constant induces a Liouville-type potential. The solu- 
tions are non-abelian solutions with diverging Higgs fields, which exist only up to a maximal value 
of the cosmological constant. 
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I. INTRODUCTION 



In an attempt to nn *iy electrodynamics and general relativity, Kaluza introduced an 
extra, a fifth dimension 11 and assumed all fields to be independent of the extra dimension. 

n 

Klein |2J followed this idea, however, he assumed the fifth dimension to be compactified 
on a circle of Planck length. The resulting theory describes 4-dimensional Einstein gravity 
plus Maxwell's equations. One of the new fields appearing in this model is the dilaton, a 
scalar companion of the metric tensor. In an analogue way, this field arises in the low energy 
effective action of superstring theories and is associated with the classical scale invariance 
of these models jjj. 

Both string theories 0] as well as so-called "brane worlds" \^ assume that space-time 
possesses more than four dimensions. In string theories, these extra dimensions are -following 
the idea of Klein- compactified on a scale of the Planck length, while in brane worlds, 
which assume the Standard model fields to be confined on a 3-brane, they are large or 



even infinite. It should thus be interesting to study classical so 



utions of non-abelian gau 



»] 



respectively dS/CFT 



theories in higher dimensions and with view to the AdS/CFT 
correspondence especially including a cosmological constant. 

Classical soliton-like solutions of Einstein- Yang-Mills theories in d dimensions where stud- 
,ed in g. These so.utions are spherical* s ymmetr ie in the fnll , dhnension, So.utions with 
spherical symmetry in only 3 + 1 dimensions were considered for n = 1 codimension in (t| , 
while they were studied for n codimensions in The manifold associated with the extra 
dimensions was assumed to be Ricci flat. If all fields are assumed to be independent of 
the extra coordinates, the 4 + n dimensional system reduces to an effective 4-dimensional 
Einstein- Yang-Mills-Higgs-dilaton (EYMHD) system with n independent, massless dilatons 
and n Higgs triplets. Constraints appear in this model such that only solutions with ei- 
ther one non-zero Higgs field or with all Higgs fields constant and zero gauge field function 
(Wu- Yang- Type ansatz) exist. 

If a cosmological constant is introduced into this model, the effective 4-dimensional action 
describes an EYMHD system, where now the dilatons become massive due to a Liouville- 
type potential. The (4 + l)-dimensional version of this model was studied in It was 
found that no asymptotically flat nor de Sitter nor Anti-de Sitter solutions exist in this 
model- analogue to the Einstein-Maxwell-dilaton case with Liouville potential Q|. Con- 
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sequently, black hole solutions with unusual asymptotics were constructed, which manifest 
the "embedded" abelian counterparts of the 4-dimensional solutions found in [3| . 

In this paper, we study the system of in 4 + n dimensions, assuming all fields to 
be independent of the n extra coordinates. In section II, we present the model including 
the Ansatz, the equations and the analytic solutions, which fufill the constraints that arise 
in this model. In Section III, we give the 4-dimensional effective action resulting from 
the model and give analytic solutions, which represent non-abelian solutions with diverging 
Higgs fields. These solutions exist only up to a maximal value of the cosmological constant. 
We give our conclusions in Section IV. 



II. THE (4 + n)-DIMENSIONAL A-EINSTEIN- YANG-MILLS MODEL 

The A-Einstein- Yang-Mills Lagrangian in d = 4 + n dimensions is given by: 

s = 1 (leJ^ ( R ~ 2A <->) " i^ F ' MN ) v^ 14 ^ (i) 

with the SU(2) Yang-Mills field strengths Ffo N = d M A a N - d N A a M + e abc A b M A c N , the gauge 
index a = 1,2,3 and the space-time index M — 0, (4 + n) — 1. G( 4+n ) and e denote 
respectively the (4 + n) -dimensional Newton's constant and the coupling constant of the 
gauge field theory. G^ +n ) is related to the Planck mass M v \ by G(4 +n ) = M p / 2+r ^ and e 2 
has the dimension of [length]™. A( n+ 4) is the (4 + n)-dimensional cosmological constant. 

In the following, we denote the coordinates x^ + k) by yt with k = 1, ...,n. 

If both the matter functions and the metric functions are independent on y^, the fields 
can be parametrized as follows: 

n 

g ( ^ + N n) dx M dx N = e- s g$dx»dx» + £ e 2 ^(dy k ) 2 , n, v = 0, 1, 2, 3 (2) 

fc=i 

with 

n 

2 = EC (3) 

k=i 

and 

n 

A a M dx M = A»dx* + £ ndy k ■ (4) 

k=l 

is the 4-dimensional metric tensor and the Q and j = 1, n, play the role of dilatons 
and Higgs fields, respectively. Note that the factor e 2C - k leads to a space-time dependent seize 
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of the manifold associated with the extra dimensions. The same holds true for the factor 
with respect to the 4-dimensional "physical" manifold. 
Th e case n = 1, A 5 = was studied in |9|, while the case n = 1, A 5 ^ was investigated 



in 



This present paper is an extension of the results in 10], which deals with the case 



A n+4 = for generic n. 

A. Spherically symmetric Ansatz 

For the metric the spherically symmetric Ansatz in Schwarzschild-like coordinates reads 
Q: 

g$dx»dx u = -A 2 (r)N(r)dt 2 + N-\r)dr 2 + r 2 d6 2 + r 2 sm 2 6<P<p , (5) 

with 

N{r) = i-^. (6) 

r 

n 

For the gauge and Higgs fields, we use the purely magnetic hedgehog ansatz |l5( : 

A/ = A t a = , (7) 

V = (1 - K{r))e v a , A/ = -(1 - K{r)) sm9e e a , (8) 

$| = CjvHjirW , j = l,...,n, (9) 

where v is a mass scale, while Cj are dimensionless constants determining the vacuum ex- 
pectation values of the Higgs fields = CjV. In absence of a Higgs potential these have 
to be set by hand. Finally, the dilatons are scalar fields depending only on r : 

Ci = Ci(r) , 3 = l,-,n. (10) 

B. Equations of motion 

The non-vanishing components of the energy-momentum tensor are given by: 
T o° = - eS (£(A + Cfe) + B + Dj , 
T i =-e 3 (j2(-A k + C k )-B + D ] j , 



\k=i 



Tij =-e H l-2(A j + C j ) + y £ l (A k + C k )+B + D) , j = l,...,n, 



k=i 



T} = e s e~^ ( ^H'H' k + ^H 3 H k ) ,j^k, (11) 



where we use the abbreviations 



Aj = \e-^N(Htf , C j = e~^K 2 H]^ (12) 



B = e^N(K') 2 , D = e s ^- 4 (K 2 - I) 2 . (13) 



and 



Defining the coupling constant a = v yG(4 +n ), the rescaled cosmological constant A = 
^2-A(4 +n ), the mass function /i = evm and the radial coordinate x = evr, we obtain the 
following differential equations (the prime denotes the derivative with respect to x) : 

( n \ i a 2 

J = a V [J2( A k + C k ) + B + Dj+ ^Nx 2 + (14) 

/ n K l2\ 

A' = a 2 Ax Yl e ~ 2Ck ( H 'k) 2 + 2e H ^V + xAQ (15) 

Vfe=i x J 



with 



©-7(E(a) 2 + ^Eac] , (i6) 



(x 2 ANC)' = a 2 Ax 2 e 



4 I 3 

■ \fc=l ° k>k' 
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— ^ 2^ J M 

.' 4 ^ Z M=0 
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Ax 
n + 2 



Ae~ s , j = l,...,n, (17) 



(e s ANK')' = A( \e s K{K 2 -l) + J2e- 2 ^KH k A , (18) 



x 



k=l 



(e- 2 ^x 2 ANH' j )' = 2Ae~ 2 ^K 2 H j , j = l,...,n. (19) 

Finally, since the off-diagonal components of the Einstein tensor vanish, we obtain con- 
straints on the fields from the j/c-components of the energy- momentum tensor: 



^e-tti-*) (jH<H k + f^W) = , k . 



(20) 



These constraints lead to the conclusion that solutions with either only one non-zero Higgs 
field or with all Higgs fields constant and zero gauge field function K exist. The former case 
would effectively correspond to the 4 + 1-dimensional model with one Higgs field. In the 
following, we will discuss the solutions available in 4 + n dimensions with all Higgs fields 
being constant. 



C. "Embedded" abelian solutions 



We assume here that H\{x) = H 2 (x) = ... = H{x) and thus (i(x) — C^i^) — ■■■ = C( x )- 
Note that no solutions with constant seize of the manifold associated with the extra 
dimensions (i.e. constant dilaton fields) exist in this model, if one chooses either K(x) = 0, 
Hk(x) = 1 or K(x) = 1, Hic(x) = 0. However, solutions with non-constant dilatons exist. 
Choosing 

K{x) = , H{x) = 1 , (21) 

the solutions correspond to "embedded" abelian solutions with magnetic charge P = 1 since 
F$ = sme. 

The counterparts of these solutions for a model involving one dilaton field with Liouville 
type potential in 4-dimensional Einstein-Maxwell theory were discussed in jl^. Note that 
the effective 4-dimensional action which results from our model in the case n — 1 



contains n dilaton fiels. As was proven in 
Anti-de Sitter solutions exist for the model 



abelian counterparts [ll] and the system studied here. 



□ 

in 13]. 



corresponds to the 4-dimensional model studied in [ljj. Here, however, the effective action 



11] 



no asymptotically flat nor de Sitter nor 



This is also true for the "embedded" 



Here we present the (4 + n) -dimensional counterparts of the solutions found in 11 1. The 
solutions read: 

A(x) = a x (n+2)/2 , N(x) = n - n lX -^ n+1)/n , ((x) = Co + - lnfr) (22) 

n 

where ao, n\ and (o are not further determined constants, while 

no = , - , k j ,e-<° (23) 

2(n + 2)(n+l) 4(n + l)(n + 2) v ; 

and the cosmological constant is given by: 

A = (n + 2)e nCo - 2(n + l)a 2 e 2nCo . (24) 

The metric then reads: 

fa* = _ e -nCo a 2 x n ^ _ ^2 + ^ _ ^-(^/n)" 1 ^2 

+ e-<° (d6 2 + sin 2 9dip 2 ) + e 2?0 x 4/n ([d yi f + ... + (dy n ) 2 ) (25) 
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The Kretschmann scalar K = R MNOP Rmnop of the solutions is in general very compi- 
cated, that's why we give its form here for n — 2. It reads: 

K{n=2) = ^ (a 4 (9e 12 ^ + 6e % + e 4 ^') - a 2 (12e 10Co - 4e 8 ^) + 4e 8 ^ + 6 + 18^ (26) 

Clearly, the solutions possess a physical singularity at x — 0. This is also true for ii ^ 2, 
e.g. for n = 1 and n = 3 the leading divergence is proportional to x -10 , respectively x~^ . 
This clearly indicates that the singularity gets weaker when increasing the number of extra 
dimensions. We also note that for the Ricci scalar R and the invariant R ab Rab ar e 

singular at x — 0, e.g. for n = 1 the leading divergence is of power x~ 5 and x~ 10 for R, 
respectively R ab Rab- However, for n = 2 R and R AB Rab are constant: 

R [n=2) = 2e 2 ^ (3e 6 ^« 2 - 2e 4 <° + e 2 ^a 2 - l) , (27) 
(R AB R AB )(n=2) = e 4Co (9e 12 ^a 4 - 12e 10C( V + 6e 8 ^« 4 + 4e 8 ^° - 4e 6 V + e^a 4 + 2) (28) 

This can be related to the particular ansatz that we have introduced for the metric (see (j2J)). 
Clearly for n = 2, the prefactor in front of the 4- dimensional, spherically symmetric part 
becomes e~ 2l >, while the prefactor in front of the extra dimensional part is always e 2< ». For 
n = 2 we thus have gu oc g xx . 

Coming now back to the interpretation of the solutions, we note that excluding the choice 
of no < and n\ > (which would correspond to a space-like naked singularity), this solution 

/ \n/(2n+2) 

represents a naked singularity for n > 0, rii < 0, while a horizon exists at Xh = \J^) 
for a) n > 0, rii > and b) n < 0, rti < 0. For case a), n Q is always positive for A < 0, 
but also for < A < 2a 2 e 2n< > . For b) we have to choose A positive with A > 2a 2 e 2n ^°. 
Moreover, the seize associated with the extra dimension- manifold diverges at infinity. A 
similar behaviour of the solutions was observed in a model without gauge fields ^(|. The 
solutions thus correspond to black holes (if n Q and rti are chosen appropriately) with toroidal 
horizon (note the constant seize of the 2-spheres) which is extended non-trivially into n extra 
dimensions. 

The temperature T of static black hole solutions is given by: 



f = ^-\d tt 9 MN (d M g tt ) (d N g tt ) . (29) 
Evaluation at the horizon Xh then gives for the black hole solutions studied here (with 

ev ' 

a ni(n + l) »_i_ 2 



2vm ^ h 



xl " ~ . (30) 



As can be easily checked, the derivative of T with respect to Xh, j^r, changes sign for n = — 1 
and n = 2 ± 2 v / 2. Since we are only interested in positive n here, we find that < for 
n < 4 and tF" > for n > 5. 

— dx h — 

For the choice of the parameters ao = 1, Co = and n\ — 1, we plot 27rT (which is 
actually equal to the surface gravity) over Xh for different values of n in Fig. [T] 



III. AN EFFECTIVE 4-DIMENSIONAL MODEL 

As in the 5-dimensional case (in our notation n — 1) the equations given in the 
previous section can equally well be derived from an effective 4-dimensional Einstein- Yang- 
Mills-Higgs-dilaton (EYMHD) Lagrangian. In this section, we will discuss the following 
matter Lagrangian: 

1 n 1 

4 fe=i 1 

~ \ ( E dvPkWk + 1^2 d^kd^k) - |e- 2 ^ r (31) 

\fc=l k>k' ) 

with 

n 

r = E^- (32) 

k=l 

This matter Lagrangian provides a natural extension of the n — 1 effective matter La- 
grangian. 

The kinetic part in the dilaton fields could be diagonalized, however, we find it more 
convenient to leave it in the form above which reveals the symmetry <-> The 

n-dimensional cosmological constant leads, through dimensional reduction, to a Liouville- 
type potential in the dilaton with a coupling constant A related to the n-dimensional coupling 
constant by means of A(4 +n ) = 2a 2 A. The dilatons in this theory thus become massive. 

The Lagrangian (}3Tj) is then coupled minimally to Einstein gravity according to the full 
action 

S = Sg + Sm 

= J (La + L M ) d 4 x (33) 

where Lq = Rf (16^(^4), R is the Ricci scalar and G4 is the 4-dimensional Newton's constant. 
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Note that the dilaton fields are coupled by an independent coupling constant 00 to the 
gauge and Higgs fields. In this respect, the dilatons here are treated as independent scalar 
fields, while in the action (JTJ) they appear as parts of the metric tensor. 

After the rescaling 

1 I — 
^k = vip k , to = - , a = vJGi (34) 
v v 

the resulting set of equations only depends on the coupling constants a and 7. We refrain 



from giving the explicit form of the equations here, but refer the reader to llj for the case 
n — 1. 

Note that the equations ()14j). (JT5J), (|17)1. (fTSj) . (fTT?|) become equivalent to the field equa- 
tions associated to (jHHJ) by using the same Ansatze for the 4-dimensional metric, the gauge 
and Higgs fields, but by identifying 

Ck = 2 7 ^ = 2c^ fc , a 2 = 3 7 2 . (35) 

Remarkably, this identification turns out to be independent on n. 

Note also that the two models differ for n > 1 with respect to the constraint ()20|) that 
doesn't exist in the 4-dimensional effective model. 



A. Non-abelian solutions with diverging Higgs fields 

So-called AdS n+2 X S 2 solutions were first discussed for n = 1 and A = in . They can 
be thought of as hypertubes with spherically symmetric cross-section. The generalisation of 
these solutions is not possible for n > 1, since the Higgs fields don't fulfill the constraints 

(H3). 

However, we can construct the counterparts of these solutions in the 4-dimensional effec- 
tive action, since the constraints don't appear here. 

First, we assume that Hi(x) = H 2 (x) = ... = H(x) and thus (i(x) = C2(^) = ••• = C( x )- 
Further, we choose a 2 = 37 2 to "mimick" the 4 + n-dimensional best as possible. 

The fields have the form 

N(x) = N , A{x) = x a , ViO) = M*) = ■■■ = 1>(x) = — In (36) 
K = J-q , Hx(x) = H 2 (x) = ... = H(x) = h {-) (37) 
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The OO-component of the energy-momentum tensor for this soltuion reads: 

~ (2N h 2 , 2 (g-l) 2 \ 

This is constant, however, since = -R 2 ^ a sin^, the energy of this solution is not finite. 
Furthermore, the definition of a magnetic charge cannot be done in the usual sense since 
the Higgs field doesn't tend to its vacuum expectation value asymptotically. 

Substituting this ansatz into the equations leads to a set of five algebraic equations which 
allow, in principle, to determine the parameters Nq, a, R, h, q. The following relations are 
easy to obtain: 

2 + n + 2nh 2 , 9 1 - q qR 2 n 3 , 9 , . 

a = , h 2 = f , N = - * with k = 2a 2 39 

n nR 2 ' 2n 2 R 2 + 2«(1 - q) V ; 

and leave us with a system of equations for R and q. It turns out that the solution is 
relatively simple in the case n = 2, however much more involved for n ^ 2. This is surely 
related to the fact that the Higgs field increases linearly for n = 2. 
For n = 2 we find 

R 2 = .4(l- g )(l-y)-A(l- g )3 ^ - 
48g(l + 3g) + A(l-g)(3-8g) 

and the relation determining q is given by the polynomial equation 

A 2 (l-g) 4 + A(l-g)(17-47g + 4g 2 -24g 3 ) + 16(l + 3g)(l-12g + 6g 2 -9g 3 ) = . (41) 

We solved this equation for q numerically by choosing several values of A in [— 1,+1]. It 
turns out that for the values of A considered, only one positive solution of q exists. Then 
the various parameters characterizing the solutions can be computed. They are presented 
in Fig|21 as functions of A. As can be seen, both q and A^o tend to zero for A — ► ^-y. 
This tells us that the solutions don't exist for arbitrary values of the cosmological constant. 
Specifically, they exist for all values of the cosmological constant as long as it is chosen to be 
negative (which corresponds to (4 + Tridimensional Anti-de Sitter space), but for positive 

2 

cosmological constant only under the restriction that A( 4+n ) < 2 g^ 4+ " • 
For generic values of n, the solution is more envolved. We find : 

(42) 
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with 



P = n 2 (q-l)(2n 2 q-2nq 2 +5nq-n-2n 2 +Qn)(2nq+n+2q)+A(n 3 -2n 2 q-2nq+2q)(2q~n)(q-l) 2 

(43) 

and 

Q = n 2 (2n A q - 2n 3 q 2 + 5n 3 q - n 3 - 6n 2 q 2 + 6n 2 q - 4nq 2 + 2nq - 4q)(2nq + n + 2q) 
+ An(q - l)(-n 5 + An 4 q - An 3 q 2 + An 3 q - 8n 2 q 2 - An 2 q - 2nq + 8q 2 + 2q) . (44) 

The equation for q is a lengthly polynomial expression of degree nine in q and of degree 
three in A, that's why we don't give it here. 

The solution presented above is completely symmetric under the exchange 

HjXj^HkXk , Wj,ke{l,...,n} . (45) 

It can be generalized in the following way : 

N(x) = N , A(x)=x a , K(x) = ^ (46) 

and no-equal dilaton and Higgs fields 

^(*) = ^ln(_M > H k {x)=h(-pT /n , fc = l,...,n , (47) 

n 

where Ri, . . . , R n are positive constants which fulfill the constraint TT R k = R n , where R is 

k=l 

the quantity determined in the symmetric case. This choice of functions leads to a family 
of ra — 1 possible solutions. 



IV. CONCLUSIONS 



Adopting the dimensional reduction scheme based on the fact that the fields do not 
depend on the n extra dimensions, we have studied the classical equations corresponding to 
the SU(2) Einstein- Yang-Mills model in 4 + n dimensions including a cosmological constant. 

Supplementing the initial model with a cosmological constant results in a self-interacting 
potential of the dilatons, where this potential is completely fixed in terms of the coupling 
constants of the model. 
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A spherically symmetric Ansatz for the fields leads to a system of non-linear differential 
equations. Constraints on the fields lead to the fact that only solutions which become 
effectively 5-dimensional (with one non-zero Higgs fields) or with all Higgs fields constant 
and zero gauge fields exist. We construct the "embedded" abelian solutions with all Higgs 
fields constant. The Ricci and Kretschman scalars of these solutions are finite everywhere 
apart from the origin. Depending on the choice of parameters t hey represent either naked 
singularities or black holes. They generalize solutions obtained in 13] to the case of a (4+n)- 
dimensional space-time with an SO(3) symmetry. These solutions are not asymtotically flat, 
neither de Sitter nor Anti-de Sitter, but all components of the energy-momentum tensor 
remain finite asymptotically. 

One interesting generalisation of this result would be to construct the rotating counter- 
parts of these solutions, following for the Einstein-Maxwell case. 

The second family of solutions obtained in this paper is the family of solutions of the 
effective 4-dimensional action. These solutions are characterized by non-trivial matter fields, 
especially diverging Higgs fields. They depend smoothly on the cosmological constant. 
We find that for n = 2 these type of solutions exist only up to a maximal value of the 
cosmological constant. 
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FIG. 1: The surface gravity of the embedded abelian black hole solutions, which is equal to 2ttT, 
is shown in dependence on the horizon value for n = 1, 7. 
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FIG. 2: The values of the constants of the non-abelian solutions of the 4-dimensional effective 
model (resulting for the 4 + 2-dimensional model) are shown in dependence on the cosmological 
constant. 
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